Abstract. We consider pattern spaces of aperiodic and repetitive Delone sets of finite local complexity. These spaces are compact metric spaces and constitute a special class of foliated spaces. We define and study the natural, essentially unique, diffusion processes on these pattern spaces. These (leafwise) diffusions are defined by Euclidean Brownian motions on the orbits, under the translative action of R d , of their starting points. We give a simple metric-based proof of their Feller property and prove that, on the other hand, they lack the strong Feller property and the hypercontractivity and ultracontractivity. When considered with respect to the unique R d -invariant measure, these diffusions are symmetric, but heat kernels do not exist. Related self-adjoint Laplacians can be identified, and their spectra are determined by the underlying dynamical system. The associated Dirichlet forms are strongly local, irreducible and recurrent. We discuss the associated heat semigroup and Sobolev spaces. For harmonic functions we prove a Liouville theorem and orbit-wise regularity results. In the one-dimensional case we establish a Helmholtz-Hodge decomposition in the L 2 -sense.
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Introduction
In this article we introduce a natural straightforward approach to study symmetric diffusions on pattern spaces of aperiodic and repetitive Delone sets of finite local complexity. These diffusions play the role of the natural standard Brownian motions on such spaces. There exist many studies of various properties of pattern spaces, specific examples, and their physical relevance, see for instance [7] and [75] . However, at present, the literature dealing with the theory of natural stochastic processes on such spaces is not well developed. Our work aims to bridge this gap, and has three goals. The first is to begin with a simple definition and, based on it, to give rather straightforward arguments to prove some basic important facts: the presence of the Feller property and the absence of the strong Feller property. The second goal is to investigate the situation when the existence and uniqueness of an invariant ergodic probability measure is known. In this case, the diffusion is symmetric with respect to this measure and exploiting this fact, we can prove new results about Sobolev spaces, quadratic (Dirichlet) forms, self-adjoint Laplacians, and harmonic functions. Third, in the one dimensional case of Delone sets on the real line, we obtain the Helmholtz-Hodge decomposition for L 2 vector fields. This Helmholtz-Hodge decomposition is new and substantially different from the more well established results dealing with the de Rham type cohomology.
Delone sets arise from various models such as tilings or quasicrystals, see for example [1-5, 7, 8, 10, 18-20, 33, 54, 75, 76, 81, 85, 86, 96, 100, 105] . One can introduce a certain metric on all Delone sets (Definition 2.1), and consider the closure of the R d -orbit of a given Delone set with respect to this metric. In this way, a Delone set of finite local complexity produces a compact metric space, called the pattern space or continuous hull. Delone sets that in addition are aperiodic and repetitive lead to pattern spaces with an interesting topological structure, as they are not manifolds or foliated manifolds, but examples of more complicated foliated spaces, [16, 24, 87] . More specifically, they are locally homeomorphic to products of Cantor sets and Euclidean balls. Therefore, although they are neither a manifold nor a fractal, such pattern spaces have in some sense aspects of both.
Diffusions on foliated manifolds were introduced in [55] and defined using (truncated) heat kernels of Brownian motion on the leaves of the foliation. The existence of invariant measures for the diffusion was also verified. Further properties of such invariant measures can be found in [71] . The paper [23] studied diffusions in the more general setup of foliated spaces, see [23, Definition 2.1] or [24, 87] , which covers the pattern spaces considered here. These papers dealt with elliptic operators on smooth functions on foliated spaces and used the Hille-Yosida theorem to verify the existence of associated Feller semigroups. Correcting a gap in [55] , the paper [23] also proved the existence of invariant measures for these semigroups and used Kolmogorov's theorem to actually construct related Feller diffusion processes on the foliated spaces (see also [25, Chapter 2] ). A complementary approach to diffusions on foliated spaces using stochastic differential equations was recently provided in [103] , where the Feller property of the diffusions was verified.
Pseudodifferential operators acting in the transversal ('Cantor-set') direction of pattern spaces have been investigated in [91] using tools from noncommutative geometry. Physical applications are discussed in [75] .
In the present paper we give a different, probably the simplest possible, definition of diffusions on pattern spaces in comparison to [23] and [103] , although all natural approaches are related to the canonical differentiation along the orbits considered in [74, 77] , see Definitions 3.2 and A.1 and formula (3.2) . Starting with our definition of the diffusion, we first give a short alternative proof of the Feller property, now based on the metric on the pattern space. We verify in Theorem 1 that the diffusion does not possess the strong Feller property, a simple result that we could not find in the existing literature. Afterwards, we assume that the action of R d on the pattern space is uniquely ergodic, a situation that covers many typical examples of pattern spaces, see Remark 2.7. This adds a new perspective and leads to new results not previously covered in [23] [24] [25] 55] , because in this case the unique invariant and ergodic probability measure µ provides a volume measure on the pattern space with respect to which the diffusion is easily seen to be symmetric. Moreover, µ is invariant with respect to the Feller semigroup and convergence to equilibrium holds in the weak sense. As a consequence of the symmetry, we can consider the L 2 -generator of the diffusion, which is a self-adjoint extension of the natural Laplacian defined on smooth functions, Theorem 4. We observe that the L 2 -semigroup does not admit a heat kernel with respect to µ. The corresponding Dirichlet form is regular strongly local, irreducible and recurrent, but the regularity in this case is not enough to consider the natural regularization of the generalized eigenfunctions, see [83] and references therein. It is important to note that the spectrum of the Laplacian is connected with the spectrum of the Koopman operators associated with the action of R d on the pattern space, see Theorem 4 (2) and Corollary 3.12. This provides a connection to recent results on spectral notions of aperiodic order [8, 9] . A Liouville theorem for measurable harmonic functions is proved in Theorem 2. For pattern spaces of Delone sets in dimension one, we provide in Theorem 5 a Helmholtz-Hodge decomposition and verify that the orthogonal complement of gradient fields consists only of constants. This result can be rephrased by saying that the space of harmonic vector fields is one-dimensional, in contrast to topological results such as the fact that for the Fibonacci-tiling in dimension one, the firstČech cohomology is two-dimensional see [96, 97] and Remark 3.13.
In Section 4 we consider the properties of the Feller semigroup and its generator. Section 6 deals with the L 2 -semigroup with respect to the unique ergodic invariant measure, the generator of this semigroup and associated quadratic forms. In Section 7 we discuss harmonic functions and prove the Liouville theorem. Section 8 deals with the Helmholtz-Hodge decomposition in the one-dimensional case. Basic facts on differentiable functions and the Hodge star operators for Dirichlet forms are collected in the appendix. Remark 1.1. We would like to mention two aspects which make analysis on a pattern space difficult. One aspect is that we have to consider two metrics, ̺ from Definition 2.1 and ̺ orb from Definition 2.10. The pattern space is compact in the non-geodesic metric ̺, but the topology induced by the geodesic metric ̺ orb is non-compact and non-separable. Moreover, in most of the paper, we have to deal with two measures: a unique ergodic probability measure µ from (2.8), and a non σ-finite measure λ with respect to µ. As a deep consequence of this aspect of stochastic analysis, the classical theory of Carlen-Kusuoka-Stroock [26] does not apply in our case.
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Definitions and Notation
2.1. Definitions of Delone sets and pattern spaces. A subset Λ ⊂ R d is called uniformly discrete if there exists a number ε > 0 such that for any two distinct x, y ∈ Λ we have that | x − y| > ε. It is called relatively dense if there exists R > 0 such that Λ ∩ B R ( x) = ∅ for any x ∈ R d . The set Λ is a Delone set if it is both relatively dense and uniformly discrete.
A finite subset P ⊂ Λ is called a cluster of Λ. A Delone set has finite local complexity if for every R > 0 there exist finitely many clusters P 1 , . . . , P n R such that for any x ∈ R d there is an i such that the set B R ( x)∩Λ is translation-equivalent to P i . A Delone set Λ is aperiodic if Λ − t = Λ implies t = 0. It is repetitive if for any cluster P ⊂ Λ there exists R P > 0 such that for any x ∈ R d the cluster B RP ( x) ∩ Λ contains a cluster which is translation-equivalent to P . Definition 2.1. Let Λ 0 ⊂ R d be a Delone set and denote by ϕ t (Λ 0 ) = Λ 0 − t its translation by the vector t ∈ R d . For any two translates Λ 1 and Λ 2 of Λ 0 define
A proof that ̺ is a metric on the set of Delone sets in R d can be found in [82] . Replacing 2 −1/2 by any positive number less than 2 −1/2 the function ̺ would still be a metric and so would the pullback of the Hausdorff metric on the set of closed subsets of S d under the stereographic projection
Different choices of this number lead to different metrics, but they all generate the same topology. For convenience we stick to the formulation in Definition 2.1.
The pattern space (hull) of Λ 0 is the closure of the set of translates of Λ 0 with respect to the metric ̺, i.e.
Remark 2.3. Pattern spaces are examples of inverse limit spaces. Examples of these types of spaces are solenoids, although pattern spaces are not solenoids. We refer the reader to [96, §2] for further details. Connections to Dirichlet structures (see [21, §2.3] ) will be discussed in a follow-up paper.
Remark 2.4. Given an aperiodic and repetitive Delone set Λ 0 of finite local complexity, every Λ ∈ Ω Λ0 is also an aperiodic and repetitive Delone set of finite local complexity. Moreover, the path connected component of a point Λ ∈ Ω Λ0 coincides with its orbit
In fact, orb(Λ) is naturally isometric to R d in a certain metric ̺ orb , see Definition 2.10 and Lemma 2.11 below. For any f : Ω → R and Λ ∈ Ω we consider the function
The set of periods Per(Λ) forms a discrete subgroup of R d . As such, being aperiodic is therefore equivalent to Per(Λ) = { 0}. If the rank of the group is maximal (i.e. d), then Per(Λ) is a complete lattice in R d and the pattern space is the flat torus
From now on, we will work under the following assumption.
Assumption 1. The underlying Delone set Λ 0 ⊂ R d has finite local complexity, is aperiodic and repetitive.
Under this assumption, (Ω Λ0 , ̺) is a compact metric space that is connected but not path connected. Moreover, repetitivity implies that (2.3) for any Λ ∈ Ω Λ0 we have Ω Λ = Ω Λ0 .
Since the set Λ 0 is fixed, to simplify notation we write Ω := Ω Λ0
and only refer explicitly to the underlying Delone set when confusion may occur.
2.2.
Local product structure of pattern spaces. A more detailed look at the geometry of Ω allows to consider a useful a local product structure.
Definition 2.5. For each Λ ∈ Ω and ε > 0 a set of the form
The canonical transversal of Ω is defined as ℧ := {Λ ∈ Ω : 0 ∈ Λ}. For any Λ ∈ ℧ the set C Λ,ε is a clopen subset of ℧, and the topology of ℧ is generated by clopen sets of that type. Moreover, the canonical transversal ℧ and the cylinder sets {C Λ,ε : Λ ∈ Ω} are Cantor sets, see [76] .
Due to the aperiodicity of Λ 0 , the pattern space (Ω, ̺) is not a manifold, yet it has a useful local (product) structure. The following notation will be important throughout the paper (see [74, 76] for the background). Notation 2.6. For any Λ ∈ Ω and sufficiently small ε > 0 the translations of cylinder sets
form a base of the topology of Ω, see e.g. [51, Theorem 8] . In addition, for any Λ ∈ Ω, the translated cylinder set O Λ,ε ⊂ Ω is the homeomorphic image under
of the product C Λ,ε × B ε ( 0) of a Cantor set C Λ,ε as in Definition 2.5 and a ball B ε ( 0) ⊂ R d . We denote the inverse of this homeomorphism by
which may be considered a foliated chart map [87] .
The local product structure of (Ω, ρ) allows to identify locally any function f : Ω → R with a function of two variables. Let O Λ,ε be a translated cylinder set as in (2.4) with Λ ∈ Ω that is mapped homeomorphically onto the product C × B, where C = C Λ,ε is given by Definition 2.5 and B = B ε ( 0). Thus, for any
Note that sometimes the notation f
) for the space of finite linear combinations of functions defined as products
with f 0 ∈ bB(C) and bB(B). If in this product F 0 is compactly supported in B, then f is compactly supported in O Λ,ε . We can extend it by zero to a bounded Borel function on all of Ω and denote this extension by the same symbol f . makes Ω into a dynamical system (Ω, R d ). Most of our results will be formulated under the assumption that this action is uniquely ergodic.
One characterization of unique ergodicity is that there exists a unique R dinvariant probability measure µ on Ω such that for any Følner sequence (A n ) n and any continuous function f ∈ C(Ω) we have (2.8) lim Remark 2.7. Unique ergodicity is a natural assumption since all well-known examples of aperiodic, repetitive Delone sets of finite local complexity define a uniquely ergodic action of R d on their pattern space. In fact, it is hard to be aperiodic, repetitive, have finite local complexity and not be uniquely ergodic. There are several criteria which will guarantee unique ergodicity: if the Delone set is linearly repetitive [5, §4.2] ; if the aperiodic Delone set comes from a self-affine tiling (e.g. Penrose tiling [12, 43, 48, 84, 92, 101] ); generic cut and project sets also define uniquely ergodic systems. Thus, unique ergodicity is in a sense a typical property.
However, there are known examples of repetitive Delone sets of finite local complexity which do not define uniquely ergodic actions: there is a construction in [31] which for any d > 1 and Choquet simplex K, will produce a repetitive Delone set of finite local complexity for which the R d action on its pattern space has a set of invariant probability measures isomorphic to K.
Unique ergodicity has a description in terms of clusters of patterns, which we now describe. For a Delone set Λ of finite local complexity, let P ⊂ Λ be a cluster and A ⊂ R d . We denote by
i.e., the number of translates of P contained in A.
A Delone set has uniform cluster frequencies relative to a Følner sequence {A n } n if for any non-empty cluster P the limit freq(P, Λ) = lim
. A Delone set Λ has uniform cluster frequencies if and only if the action of R d on its pattern space of Λ is uniquely ergodic.
Moreover, the unique R d -invariant measure µ on the pattern space of a Delone set with uniform cluster frequencies has a local product structure described as follows. Recall that O Λ ′ ,ε denotes a translated cylinder set, the types of which form the basis of the topology of Ω (see (2.4) ). Denote by Λ ε := Λ ∩ B ε −1 ( 0). The following comes from [82, Corollary 2.8].
Corollary 2.8. Let Λ be a Delone set of finite local complexity and uniform cluster frequencies. For any Λ ′ ∈ Ω and ε > 0 small enough,
). As such, in the local foliated charts from (2.4), the push forward µ•φ −1 under the chart map φ of the unique R d -invariant probability measure µ equals the product measure (2.9)
where ν C is the frequency measure on the Cantor set ℧ defined through ν(C Λ,ε ) = freq(Λ ε , Λ).
Remark 2.9. On each orbit O Λ := orb(Λ), the homeomorphism (2.1) also induces a measure given by the pushforward of the Lebesgue measure λ d . As a result, another measure on Ω can be defined as
Notice that µ is absolutely continuous with respect to λ
Ω is not σ-finite and thus the Radon-Nikodym theorem does not apply. This fact will become specially relevant when discussing the existence of heat kernels, see Remark 3.9.
2.4. Orbit-wise metric. As mentioned in Remark 2.4, the pattern space Ω can also be considered with a different topology than the one induced by the metric ̺ given in Definition 2.1. This different topology is induced by the following metric. Definition 2.10. The orbit-wise metric ̺ orb on Ω is defined as
Since the underlying lattice Λ 0 is aperiodic, for each Λ ∈ Ω = Ω Λ0 its orbit (orb(Λ), ̺ orb ) is naturally isometric to R d . The next lemma is obvious.
Lemma 2.11. For any Λ ∈ Ω, the space (orb(Λ), ̺ orb ) is the image of R d under the isometry (with respect to ̺ orb ) given by h Λ in (2.1).
The orbit-wise topology is drastically different from the one induced by the original metric ̺: The space (Ω, ̺ orb ) is not compact, not connected, and not separable. It is easy to see that
which implies that any continuous function on Ω is orbit-wise continuous with respect to the topology generated by ̺ orb . In particular, if f ∈ C(Ω), then for any
). An orbit-wise continuous function is not necessarily continuous on Ω. Similarly, any Borel measurable function on Ω is orbit-wise Borel measurable. In particular, if f ∈ B(Ω), then for any Λ ∈ Ω we have f • h Λ ∈ C(R d ). An orbit-wise Borel measurable function is not necessarily Borel measurable on Ω.
Main results
In this section we state the main results of this paper, namely the existence of a natural diffusion, heat semigroup, Sobolev spaces, Dirichlet form on the pattern space (Ω, ρ) along with their most important properties: Feller but not strong Feller properties, commutativity with the Koopman operators, and the identification of the domains of the generators with analogs of the Sobolev spaces.
For a locally compact metric space E, a semigroup of linear operators (T t ) t>0 acting on the space bB(E) is called a Markov semigroup if all T t are positive and contractive with respect to the supremum norm. Let C 0 (E) denote the space of continuous functions vanishing at infinity, i.e. the space of all f ∈ C(E) such that for any ε > 0 there exists some compact K ⊂ E with sup x∈K c |f (x)| < ε. A Markov semigroup (T t ) t>0 is said to be a Feller semigroup (or to have the Feller property) if it defines a strongly continuous contraction semigroup on C 0 (E). It is said to have the strong Feller property if each T t is bounded from bB(E) into bC(E). It is said to be conservative if T t ½ = ½ for any t > 0. For a Markov process (X x t ) t≥0 over some probability space (S, Σ, P) with state space E and starting point x ∈ E, the Markov transition semigroup is 
We introduce next the linear operators that will form the transition semigroup of the diffusion. Our definition is similar to the one used in [55] for foliated manifolds. Definition 3.2. For any t > 0 and f ∈ bB(Ω) define
By the discussion of Borel measurability in the preceding section there are no measurability issues in (3.1), so that for any f ∈ bB(Ω) and t > 0 we have T t f ∈ bB(Ω). The semigroup property T t T s f = T t+s f for bB(Ω) is immediate from formula (3.1) together with the group property ϕ t • ϕ s = ϕ s+ t of the action of R d and the Chapman-Kolmogorov equations for the Gaussian density p R d (t, s).
It is also obvious from (3.1) that (T t ) t>0 is a Markov semigroup and that T t ½ = ½ for any t > 0. The proof of the following theorem and more details are given in Section 4.
Theorem 1. Under Assumption 1 the following statements hold.
(1) Let W = ( W t ) t≥0 be a standard Brownian motion on R d over a probability space (S, Σ, P), started at zero. For any Λ ∈ Ω, the process
is a Feller diffusion in (Ω, ̺) with transition semigroup (T t ) t>0 . (2) The semigroup (T t ) t>0 is conservative and the Koopman operators U t defined on C(Ω) by
commute with the semigroup (T t ) t>0 , i.e.
and hence commute with its generator.
The semigroup (T t ) t>0 is not strong Feller. It does admit a symmetric heat kernel p Ω : (0, ∞) × Ω × Ω → R with respect to the not σ-finite pushforward measure λ Ω ,
The derivatives D α that we consider in this paper are in some sense (i.e. under the action of the Koopman operators U t ) isomorphic to the usual R d derivatives, and it is natural to call them "horizontal derivatives". In particular, we can refer to ∆ as the "horizontal Laplacian". (i) As mentioned in the introduction, (Ω, ̺) is an example of a foliated topological space. Therefore, the existence statement of a Feller diffusion in Theorem 1 is a special case of [23, Theorem 4.14] , also obtained in [103] by means of stochastic differential equations. Formula (3.1) was stated as a result in [23, Proposition 4.16] . (ii) Our proof that (T t ) t>0 is a Feller semigroup uses only Definition 2.1 and (3.1).
(iii) The existence of a Feller diffusion with transition semigroup (T t ) t>0 on some underlying probability space (a space of Ω-valued paths) follows from Kolmogorov's extension theorem. However, Theorem 1 allows to start from a given Euclidean Brownian motion over a given probability space and yields a Markov process associated with (T t ) t>0 defined by the simple formula (3.2). (vi) The diffusion (X Λ t ) t≥0 started at Λ on Ω is not Gaussian nor a semimartingale, but its definition (3.2) permits to use some of the structural properties of the standard Brownian motion on R d . For instance, it satisfies a classical Itô-formula: For any f ∈ C 2 (Ω) we have P-a.s. that
where The next results are valid under the following standing assumption.
Assumption 2. The action of R d on Ω is uniquely ergodic. If this assumption is satisfied, we denote by µ the unique ergodic probability measure in (2.8).
A consequence of Assumptions 1 and 2 is the following Liouville-type theorem, which is proved in Section 7 together with related regularity results, a discussion of finite energy harmonic functions, and the irreducibility of the Dirichlet form. The following definition is an adaptation of the classical one for an open subset O ⊂ Ω. . There are many works in dynamical systems connected with this particular proposition and our work in general (see, for instance, [22, 36, 40, 57-61, 78, 79, 99] ) and we hope that these connections will be explored in the future research.
The introduction of the measure µ allows us to consider natural Sobolev spaces on Ω and develop the main elements of the general theory of such spaces on Ω. Note that particularly important in relation to Dirichlet forms are
see Lemma 5.9 and Section 6. By this reason we restrict our attention to spaces W k,2 in the present paper. Another reason why we restrict our attention to spaces W k,2 is that typical Sobolev embeddings involving Sobolev (Banach) spaces W k,p with p = 2 do not hold in our situation.
where D α f is the distributional derivative from Definition 5.1, with the Sobolev norm defined by
Note that one can localize Definitions 3.7, 5.1, and5.2 for any open O ⊂ Ω and define the Sobolev spaces (1) the Sobolev space W k,2 (Ω, µ) is a Hilbert space equipped with the norm (3.7); (2) for any |α| ≤ k, the distributional derivative D α is a bounded local linear operator
which can be intertwined with the orbit homeomorphisms h Λ as follows: for every f ∈ W k,2 (Ω, µ) and µ-almost every Λ ∈ Ω,
in the sense of distributional derivatives in both sides of (3.8);
(Ω, µ) with respect to the norm (3.7).
Notation 3.8. By (P t ) t>0 we denote the unique extension of (T t ) t>0 to L 2 (Ω, µ).
Recall that a strongly continuous semigroup (P t ) t>0 of bounded linear operators on
µ-a.e. It is called conservative if for any t > 0 we have P t ½ = ½ µ-a.e. on Ω.
The proof of the following theorem and more details are given in Section 6.
Theorem 4. Under Assumptions 1 and 2 the following results hold.
(1) The semigroup (P t ) t>0 is a conservative Markov semigroup of self-adjoint operators on L 2 (Ω, µ). Its generator L is a self-adjoint extension of the Laplacian 1 2 ∆ on smooth functions and its domain is
, commute with the semigroup (P t ) t>0 , i.e.
(3.9)
and hence commute with the Laplacian L.
The Dirichlet form E is regular, strongly local, irreducible, recurrent, and has pointwise Kusuoka-Hino index d µ-a.e. (4) The semigroup (P t ) t>0 does not admit a heat kernel with respect to µ. Moreover, it does not improve integrability: There exist no 2 < q ≤ +∞ and t > 0 such that P t is a bounded operator from
Remark 3.9.
(i) As already mentioned Remark 2.9, there is no Radon-Nikodym derivative of µ with respect to the non-σ-finite measure λ d Ω , which explains why the existence of the heat kernel p Ω (t, Λ 1 , Λ 2 ) does not provide a kernel with respect to µ.
(ii) Recall that a Markov semigroup (P t ) t>0 of self-adjoint operators on L 2 (Ω, µ) always induces positivity preserving and contractive semigroups on the spaces
.1] and also [62, 89] . It is called ultracontractive if for any t > 0 the opera-
.1] and also [26, 32, 35] . Obviously ultracontractivity implies hypercontractivity. According to Theorem 4 the semigroup (P t ) t>0 is not hypercontractive and in particular, not ultracontractive. The absence of ultracontractivity also follows from the non-existence of a heat kernel, because an extension to a Markov semigroup of self-adjoint operators of a Feller semigroup which is ultracontractive is known to admit (a preliminary form of) heat kernel, see [26, Section 3] . For further details see Lemma 6.4 and Corollary 6.11.
Remark 3.10. The semigroup (P t ) t>0 satisfies the L 2 -form of the mixing property (3.6): For any f ∈ L 2 (Ω, µ) we have lim
Using the contractivity and conservativity of (P t ) t>0 together with µ(X) = 1 this is straightforward from 3.6. It can also be deduced from [11, Proposition 3.1.13] together with the irreducibility and recurrence of (E, D(E)), see Corollary 7.10 below.
Remark 3.11. Theorem 4(2) implies that the spectral theory of the semigroup (P t ) t>0 and the Laplacian L follow from the spectral theory of the dynamical system (Ω, R d ) coded in the operators U t . It is known that there exists an orthonormal basis of eigenfunctions for the operators U t (and therefore for L) if and only if the ergodic dynamical system (Ω, R d , µ) has pure point diffraction, see for instance [8, 9] . Recall that two self-adjoint operators commute if and only if their spectral projections commute for every Borel set. Consequently, all spectral operators, as for instance the Schrödinger Hamiltonian, also commute with the operators U t . The standard spectral theory (see e.g. [93, 95] ) implies the following corollary. (1) zero is a simple eigenvalue (with the constant eigenfunction) of the Laplacian L and one is a simple eigenvalue (with the constant eigenfunction) of the heat semigroup P t ; (2) if the spectrum of the family of the Koopman operators U t consists of eigenvalues of finite multiplicity, then the spectra of P t and L are pure point; (3) if the family of the Koopman operators U t has no nonzero eigenvalues (see Appendix C for the definition and more details), then L does not have nonzero eigenvalues of finite multiplicity.
Finally, in the one dimensional case, we obtain a new Helmholtz-Hodge decomposition, which is stated in more detail and proved in Section 8. 
where ⋆ is the Hodge star operator defined in Appendix B.
Remark 3.13.
(i) On a one-dimensional compact Riemannian manifold M the identity (3.10), up to the duality between L 2 -vector fields and L 2 -differential 1-forms, is referred to as Hodge decomposition and (Im ∇) ⊥ corresponds to the space of harmonic 1-forms. By Hodge's theorem, there exists an isomorphism between the space of harmonic 1-forms and the first deRham cohomology of M , connecting elliptic and smooth theory, see for instance [70] . In [68] , a decomposition of type (3.10) was obtained for certain (non-smooth) compact topologically one-dimensional spaces endowed with a local regular Dirichlet form. It was also proved that locally harmonic forms are dense in the space of harmonic forms. A theory of differential forms associated with Dirichlet forms is a generalization of elliptic theory. In general it cannot be expected to produce topological information but is rather linked to L 2 -cohomology, see e.g. [27, 38, 39] .
(ii) For the Fibonacci tiling in dimension one it is known that the firstČech cohomology with integer coefficients of its pattern space has rank two, see [96, p. 39] or [97, Example 1] . Consequently, its firstČech cohomology with real coefficients is two-dimensional. However, it is also isomorphic to the first pattern equivariant cohomology, see [76] 
First, note that for any s ∈ R d and any Λ ∈ Ω,
Given a function f ∈ C(Ω) and ε > 0, by the uniform continuity of f on (Ω, ̺) we can find
uniformly in Λ ∈ Ω, proving (4.1). The next lemma will be used in order to show that continuous functions are continuous under T t .
Proof. We first show that
and in particular (4.4). Consider now the translation Λ = ϕ t (Λ ′ ) of a given point Λ ′ with | t | < δ. By (4.2) we have that
According to (2.5), an arbitrary point Λ ∈ O Λ,δ can be uniquely written as such a translation of some Λ ′ ∈ C Λ,δ and therefore
Finally, in order to prove that each T t maps C(Ω) into itself, we consider f ∈ C(Ω), t > 0 and Λ ∈ Ω. Given ε > 0, let s ε > 0 be large enough so that (4.3) is satisfied. Applying Lemma 4.1 and the uniform continuity of f on Ω, we can find 0 < δ < 1 2sε such that for any Λ ∈ O Λ,δ and any s ∈ R d with | s | < s ε we have
and hence T t f is continuous at each point Λ ∈ Ω, as desired.
Mass conservation and commutativity with Koopman operators are direct consequences of Definition 3.2.
Smoothness preservation and infinitesimal generator. In this paragraph we analyze the infinitesimal generator of the Feller semigroup (T
As we will see in Lemma 4.3, on a suitable subspace of its domain, L C(Ω) coincides with the Laplacian ∆ defined in (A.3). Proposition 4.2. For any 1 ≤ k ≤ ∞ and t > 0 it holds that
Iterating, we obtain the desired fact.
Recall that a subspace of the domain of a closed operator is called a core if the operator equals the closure of its restriction to that subspace.
Moreover, the space C
Proof. By Lemma A.11, C 2 tlc (Ω) is dense in C 2 (Ω), hence it suffices to prove (4.8) for f ∈ C 2 tlc (Ω), in which case we have ∆f ∈ C(Ω). Applying Lemma A.6, Corollary A.9 and integration by parts on R d yields (4.9)
for any t > 0 and all Λ ∈ Ω. By the heat equation on R d and dominated convergence the latter equals (4.10)
Integrating the left hand side of (4.9) and the right hand side of (4.10) we obtain
as an equality in C(Ω). 
As a consequence of the preceding and the next lemma, Corollary A.8 in the Appendix implies that the domain D(L C(Ω) ) contains smooth partitions of unity. 
, defined as follows. We assume that F 0 = ½ B ′ is an indicator of an open nonempty ball whose closure is contained in the ball B, and f 0 = ½ E , where E is subset of C such that ∂ C E = ∅.
Here, ∂ C E means the boundary of E in the induced (i.e. intrinsic) topology of C.
Then it is easy to see that for any δ > 0 there is a small enough t > 0 such that
′ , which implies that T t f is not continuous. In fact, using more delicate arguments one can show that T t f is discontinuous is f is supported in O Λ,ε and has the structure f (Λ) :
where F 0 > 0 on a set of positive R d -Lebesgue measure, and f 0 is discontinuous in the induced (i.e. intrinsic) topology of ∂ C E.
The fact that (T t ) t>0 admits a heat kernel with respect to the measure λ Ω is immediate from (3.1).
if f is Borel measurable and k-times differentiable, in the sense of Appendix A, and
O is open and non-empty.
Remark 4.8. The corresponding Feller properties of (T t ) t>0 on the metric space (Ω, ̺ orb ) are satisfied. In view of Definition 3.2, the process X Λ is also a diffusion along the orbit orb(Λ), and by the isomorphism in Lemma 2.11, it can naturally be identified with a Brownian motion on R d by formula (3.2). It makes sense to call the family of processes X Λ as in (3.2) "orbit-wise Brownian motion" on Ω. As already noted in Remark 3.3 (iii), Definition 3.2 and formula (3.2) show that the family (T t ) t≥0 is a Feller semigroup with respect to ̺ orb . It also follows that (T t ) t>0 is a strongly continuous contraction semigroup on bC orb (Ω), the domain of its generator contains bC 2 orb (Ω), and on this space it agrees with 1 2 ∆. Finally, the corresponding result on R d imply that (T t ) t>0 is strong Feller with respect to ̺ orb , and X Λ is a strong Feller process with respect to ̺ orb started at Λ. Note also that if the lattice Λ 0 would be periodic so that Ω would be a flat torus, we would just recover the usual diffusion process on this flat torus.
Proof of Theorem 3: Sobolev spaces
5.1. Weak derivatives and Sobolev spaces. In this section we introduce weak derivatives of functions on Ω and characterize the Sobolev spaces W k,2 (Ω, µ) defined in Theorem 3. We refer to Appendix A for further specific notation, definitions and technical results.
Definition 5.1. For any f ∈ L 1 (Ω, µ) and any multiindex α, the distributional (generalized) derivative D α f is defined as the element of the topological dual The following integration by parts formula for functions in the space C k tlc (Ω), c.f. Definition A.4, will be heavily used in many of the subsequent proofs.
Proof. By Lemma 4.5 there exists a smooth partition of unity {χ i } n i=1 , hence we may assume that g is supported in an open set O = φ −1 (C × B) as in (2.4). In view of (2.6) and (A.5), the result follows from its Euclidean counterpart since
where the differential operator D 
where
is a smooth partition of unity subordinated to a cover This completes the proof of Theorem 3(1).
Localization in Sobolev spaces.
In the special case when O = O Λ,ε ⊂ Ω is a transversal ε-cylinder set, the product structure of this set and the definitions yield the following useful result for any k 1. Its proof is an application of the standard measure theory, especially the analysis on product spaces and the basic properties of distributional derivatives and Sobolev spaces, seee.g. [94, Chapter 8] and [50, Chapter 5] .
for ν C -a.e. Λ ′ ∈ C, and
Here, h * Λ ′ is the orbit homeomorphism defined in (2.2), and
for ν C -a.e. Λ ′ ∈ C, and if the left hand side in (5.4) is finite, then f ∈ W k,2 (O Λ,ε , µ).
On R d we consider the spaces
The next lemma follows from Lemma 5.6 and is important for understanding the local structure of Sobolev functions on Ωİt completes the proof of Theorem 3(2).
Proof. Suppose f ∈ W k,2 (Ω, µ). Taking a smooth partition of unity we may again assume that supp f ⊂ O Λ,ε . With the notation from Subsection 2.2 and following the results in Subsection 5.1, it is easy to see that for |α| ≤ k and µ-a.e.Λ ∈ C × B we have
and
and by Fubini's theorem there exists a Borel set N ⊂ C of ν C -measure zero such that for any Λ ′ ∈ C \ N we have
Since each φ is continuous from O onto C × B ε ( 0 ), the set
is a measurable subset of Ω and so are its translates
ϕ t (N ) by a given vector
is a countable union of measurable subsets of Ω and therefore measurable. By the local product structure of µ and its The cases k = 1, 2 will be of special interest later on, and the following lemma will be used in the proof of Lemma 6.13.
Lemma 5.9. In the case k = 2, we have
where ∆ is the operator defined in (A.3), and
defines an equivalent norm on W 2,2 (Ω, µ).
Proof. The mixed partial derivatives of type
∂ ei∂ ej are square integrable by Lemmas 5.6 and 5.8 because multiplication with cut-off functions allows to assume that f is supported within a translated cylinder set O Λ,ε . The functions h * Λ f are then compactly supported in a Euclidean ball, and on this ball we can use the integration by parts for distributional derivatives, which can be proved using approximation by smooth functions, to shift around partial derivative operators. The latter commute by Schwarz' theorem, and Cauchy-Schwarz and elementary Fourier analysis yield the desired integrability. Let {b
be an orthonormal basis of the separable Hilbert space L 2 (C, ν C ) which satisfies the following property: for each i there is ǫ i > 0 such that b C i is constant on every clopen subset of C of diameter at most ǫ i > 0. It is easy to see that such a basis exists and that lim i→∞ ǫ i = 0. Moreover, one can show that such a basis naturally defines C and O as projective limits, which allows to use many elements of the analysis presented in [6, 14, 102] . For any function f : O Λ,ε → R we define Φ Φ Φ Φ Φ i f by projecting in the transversal direction to the first i terms of the basis {b
with f O,i as in Lemma A.11. If f : Ω → R is supported in O Λ,ε , the function Φ i f is extended by zero outside of O Λ,ε . It is clear that Φ Φ Φ Φ Φ i projects functions localized on O Λ,ε on tlc functions. This is because the function ½ C
The following lemma is evident from our construction and, together with the characterization from Lemma 5.6, it provides a procedure to approximate functions in the Sobolev space W k,2 (Ω, µ) by smooth functions in C
The limit in (5.12) is monotone non-increasing.
Proof. Inequality (5.11) follows from the proof of Lemma A.11. The monotonicity and the limit (5.12) is also an elementary property of averages, and the zero value of this limit follows, by contradiction, from Lemma 5.8 and elementary measure theory. The last assertion follows from Lemma 5.6.
In the following corollary we somewhat abuse notion by considering the maps Φ Φ Φ Φ Φ i on different functional spaces. However, in each case the natural domain of definition of Φ Φ Φ Φ Φ i is evident. 
Proof of Theorem 4: L 2 -semigroup, Dirichlet form and spectral properties
In this section we work under Assumptions 1 and 2 and take the unique ergodic measure µ into account everywhere, even if this is not mentioned explicitly. The results of this section prove Theorem 4. 6.1. Invariance and symmetry. We begin with the most basic properties of the semigroup P t that are needed in Theorem 4. Lemma 6.1.
(1) The measure µ is invariant for (T t ) t>0 , and we have lim t→∞ T t (Λ, ·) = µ in the weak sense for any Λ ∈ Ω. The Feller semigroup (T t ) t>0 is µ-symmetric, that is, we have
It extends uniquely to a conservative Markov semigroup (P t ) t>0 of selfadjoint operators on L 2 (Ω, µ). (2) If f 0 is a Borel function such that Ω |f | 2 dµ < +∞, then we have
for µ-a.e. Λ ∈ Ω in the sense that the Borel function on the right hand side is in the L 2 (Ω, µ)-class on the left hand side.
Proof. The invariance of µ with respect to the action of R d and Fubini's theorem imply that µ is (T t ) t>0 -invariant. Using the symmetry of p R d (t, s ) we can similarly see that (T t ) t>0 is µ-symmetric. The existence, uniqueness and conservativity of the extension are clear from the density of C(Ω) and contractivity. For any Λ ∈ Ω the family of probability measures (T t ) t>0 is tight on the compact space Ω so that by Prohorov's theorem each sequence of times going to infinity has a subsequence t k ↑ ∞ for which µ = lim k→∞ T t k (Λ, ·) in the weak sense. However, any probability measure µ appearing as such a limit point is also invariant under R d action, and so µ = µ, since µ is the unique R d -invariant probability measure on Ω. To show the invariance of µ under the translation by t, one can either apply standard tools from dynamical systems, or in our case use the fact that for any t, s ∈ R d we have
By the dominated convergence, for any f ∈ C(Ω) we have
To prove item (2) of this lemma, we can apply the usual nondecreasing approximation of f by the functions f n = min{n, f } and the monotone convergence theorem.
Remark 6.2. The extension of (T t ) t>0 to an L p -contractive semigroup was considered in higher generality in [23, Proposition 7.1], but symmetry in L 2 was not discussed.
The commutativity relation (3.9) is a direct consequence of the definitions of U t and P t and (3.4).
A peculiar feature of the semigroup (P t ) t>0 is that, as stated in Theorem 4, it does not admit a heat kernel with respect to µ. Lemma 6.3. The semigroup (P t ) t>0 does not admit a heat kernel with respect to the unique invariant measure µ. More precisely, there is no measurable function p µ : (0, +∞) × Ω × Ω → R such that
µ-a.e. Λ 1 ∈ Ω for any f ∈ bB(Ω) and t > 0.
Proof. Otherwise, since µ(orb(Λ 1 )) = 0, one would obtain that
A closely related fact is that, as stated in Theorem 4, the semigroup does not improve integrability. This fact can be deduced from the following lemma.
Lemma 6.4. For every 2 < q < +∞ there exists a function f ∈ L 2 (Ω, µ) such that for all t > 0 we have P t f L q (Ω,µ) = +∞.
be an open set as in (2.4) and let (E k ) ∞ k=1 be a sequence of pairwise disjoint subsets E k of C of positive measure 0 < ν(E k ) < 1 such that
s+ < +∞ for some 0 < s + < 1. Since, because of the unique ergodicity, there are subsets of C of nonzero but arbitrarily small ν-measure, such a sequence can be found (otherwise we could find an orbit with positive µ-measure, a contradiction). Let s − := inf {0 < s ≤ s + :
s < +∞}, choose a number s such that s − < s < 1 and 1 + q(s − 1)/2 < s − . Then the function
is a nonempty open Euclidean ball whose closure is contained in B, and consider the function
(Ω, µ). However, for any t > 0 we have
note that the second factor on the right hand side is strictly positive.
The following lemma is implied by (4.6), Lemma 4.3, and the density of C
, and for f ∈ C 2 (Ω) the identity 
, and on this space (6.1) holds. This is related to Lemmas 6.15 and 6.17.
From the general theory of semigroups, see for instance [93, Section VIII.6], there is a unique closed quadratic form (E, D(E)) on L 2 (Ω, µ) associated with the Markovian semigroup (P t ) t>0 , which is defined by
To the operator (L, D(L)) the form (E, D(E)) is uniquely related by the identity The following lemma should be considered together with Lemma 6.13 below.
Lemma 6.7. The Dirichlet form (E, D(E)) is regular and strongly local. The space C ∞ tlc (Ω) is dense in D(E). The gradient operator ∇ extends to a closed unbounded operator ∇ :
, and the identity
2 Ω ∇f, ∇g dµ holds for any f, g ∈ D(E). Moreover, (E, D(E)) admits a carré du champ given by Γ(f, g) := ∇f, ∇g dµ.
Proof. The regularity follows from Lemma 6.1 and the arguments in [13, Lemma 2.8], which are classical, but not widely available. The strong locality follows from Lemma 6.5 due to the conservativeness of (P t ) t>0 and the locality of L. The latter lemma also implies the density of C Remark 6.8. From (2.8) it is immediate that for any Følner sequence (A n ) n and any f, g ∈ C 1 tlc (Ω) we have
uniformly for every Λ ∈ Ω, where the orbit homeomorphism h * Λ is defined in (2.2). We record another simple property of (E, D(E)). Given an open subset G ⊂ R d , we write
whenever f and g are functions on G such that the expression makes sense. For functions with the product form (2.7) we can characterize whether they are in D(E) or not.
be an open set of type (2.4) and let f ∈ bB(Ω) with supp f ⊂ O be a function of the product form (2.7) for some f 0 ∈ bB(C) and
Proof. If 
For more classical formulations of this inequality see [26] or [88] . 
To see this, let V and If C = C Λ,ε , consider the function f (Λ) := ½ C Λ,ε ′ (Λ ′ )χ( t ) with 0 < ε ′ < ε such that ν C Λ,ε ′ < ν CΛ,ε . By Lemma 6.9, f ∈ D(E), and by locality we have O |∇f | 2 dµ = 0,
Caracterization of domains. We can give the following descriptions of the domains D(L) and D(E) in terms of Sobolev spaces. They are to be understood as equalities of vector spaces with equivalent norms.
Proof. We prove the first statement, and the second follows similarly. For any
by (6.4) and Lemmas 6.5 and 5.9. Therefore, any sequence (f n ) n ⊂ C ∞ tlc (Ω) that is Cauchy in D(L) with respect to the norm
To prove the equality of these two spaces we use the equivalent norm
(Ω, µ) from Lemma 5.9, denoting the associated scalar 
. The latter follows from the fact that
which can be verified by approximating
Varying f 0 we can deduce that
holds a priori for all Λ ′ ∈ C outside some ν C -null set that a priori may depend on F 0 . Due to the separability of C 
. Such a function exists because of the locality of ∆ R d . Defining
by classical elliptic regularity [56, Chapter 6] , and can conclude
Since this is true for any Λ ′ ∈ C \ N and ψ ∈ C c (B), we obtain (
The next Corollary follows from Lemma 5.8.
Corollary 6.14.
Recurrence and Kusuoka-Hino index.
Recall that the semigroup (P t ) t>0 is said to be recurrent if for any nonnegative f ∈ L 1 (Ω, µ) we have Gf = +∞ or Gf = 0 µ-a.e. where Gf = 
The the concept of pointwise Kusuoka-Hino index (or briefly, pointwise index) for strongly local regular Dirichlet forms was studied in [63] , based on the martingale dimension of Dirichlet forms introduced by Kusuoka (see [80] ). By definition, the pointwise index p of (E, D(E)) is a Borel measurable function p : Ω → N ∪ {+∞} such that for any N and any f 1 , ..., f N ∈ D(E) we have rank ( ∇f i , ∇f j ) 
endowed with the norm
If G is bounded and its boundary ∂G is smooth, the self-adjoint Laplacian ∆
on G with Dirichlet boundary conditions is obtained as the Friedrichs extension of ( For each i, j ≥ 1, we define the function b
In view of the next lemma, the operator (L O , D(L O )) may be regarded as the natural Dirichlet Laplacian on O.
. It has pure point spectrum and each of its eigenvalues has an
) and for any function f in this space with the product form (2.7) we have
Moreover, for any f
Proof. The first two statements are clear from the construction of
holds for any eigenfunction b O ij . By virtue of (6.10) it follows that f ∈ D(L) because
. The remaining statements follow similarly.
Remark 6.16. In a similar manner one can study operators on open neighborhoods of the form φ −1 (C × Q) where C is a Cantor set and Q is a regular enough set in R d . The above arguments also allow to consider differential operators more general than the Laplacian ∆.
We can also localize the quadratic form
) with the closure taken in D(E). Writing
we obtain a strongly local regular Dirichlet form ( 
4). Then
Proof. We first claim that the space (
. Approximating with continuous functions compactly supported on C in the first tensor component, we can see that it is contained in (6.11) . To see this claim note that if f is as above and of product form (2.7), and g
, then by Lemma 6.15 and the Gauss-Green identity for the Dirichlet Laplacian ∆
By approximation in D(E O ), this is true for all g ∈ D(E) and the claim is proved.
Proof of Theorem 2: harmonic functions and irreducibility of the Dirichlet form
In this section we discuss harmonic functions and prove Theorem 2. We begin with the classical non-probabilistic approach. After that, we present regularity results for measurable harmonic functions and connections to the probabilistic interpretation. In the end we consider finite energy L 2 (Ω, µ) harmonic functions and prove the irreducibility of the Dirichlet form.
7.1. Proof of Theorem 2. First, assume that a harmonic function f is bounded from above or below up to a set of µ-measure zero. By the classical Liouville theorem, f is constant on µ-almost every orbit and therefore f is equal to a constant on a set of full µ-measure because of the unique ergodicity. To show this, assume that the union U of all orbits on which the given harmonic function f is not bounded from above (or below) has zero µ-measure. For any Λ ∈ U c the function h * Λ f is harmonic on R d and bounded from above (or below), so that by the classical Liouville theorem, h * Λ f is constant on R d , see for instance [56, Problem I.2.14]. This means f is constant on µ-almost every orbit. By unique ergodicity f must then be equal to a constant on a set of full µ-measure. Now let f be harmonic and integrable. Assume, for a moment, that µ(U) > 0, which by unique ergodicity implies µ(U) = 1. For each Λ ∈ U, h * Λ f must have an unbounded growth at infinity. Then h * Λ f must have an unbounded growth at infinity in the following sense:
This is because if u : R d → R is a harmonic function, then the following average
is a nondecreasing function of R, see for instance [42, Section 1.VIII.10] (applied to −|u|). This grows to infinity as R → ∞ if u is unbounded. However, for any measurable function u : Ω → [0, ∞) we have
because of the fact that Ω v •ϕ t (Λ)dµ(Λ) does not depend on t. Thus (7.1) contradicts the assumption that f is integrable, which completes the proof of Theorem 2 in this case. 
for any number c. Therefore by (2.8), adapted for bounded measurable functions for µ-a.e. Λ ∈ Ω,
which contradicts the assumption that f is a measurable real valued function and completes the proof of Theorem 2.
7.2. Mean value properties, regularity results and the probabilistic interpretation. Definition 3.4 is based on the classical definition of harmonicity for functions on open sets in R d .
Recall that classical characterizations for harmonicity in Euclidean domains include the Weyl's lemma, and the ball and sphere averaging properties, see [106] , [42 (
, it satisfies (7.6), and it is real analytic. 
where σ denotes the surface measure on ∂B r ( x ) and ω d denotes the surface area of the unit sphere in R 
This contradicts the assumption that f is µ-distributionally harmonic and proves the lemma.
Another well known definition of harmonicity for functions on open subsets of R d is the probabilistic one, it goes back to [41] and is based on a probabilistic interpretation of (7.4) by [72, 73] . We write W x to denote the Brownian motion on ) t≥0 is a P-martingale.
The following fact was first proved in [41] (see also [42 Proof. The diffusion moves in a single orbit, and this orbit is isometric to R d , as under the orbit homeomorphism the orbit metric is the Euclidean R d .
The same arguments that were used to show the absence of the strong Feller property in Subsection 4.3 also show the following. 
Finite energy harmonic functions.
We discuss the connection between harmonic functions in the sense of Definition 3.4 and finite energy L 2 (Ω, µ) harmonic functions (see [29, 53] ).
Let O be an open subset of (Ω, ̺). We say that a measurable function f :
Note that in the context of our paper it is enough to consider g ∈ C
It is known that the notion of harmonicity can be localized, and in our case the following lemma can be easily obtained from a partition of unity as in Lemmas 4.5 and 5.6 together with Lemma 7.3. In our situation, the E-harmonicity in the above sense is connected to harmonicity on subsets of
The second part of the Lemma can be seen using Lemmas 5.9 and 6.9. Suppose
In this case, f can be modified on a set of measure zero so that h *
The notion of E-harmonicity can be characterized by a version of the probabilistic definition of harmonicity, modified for Dirichlet forms (compare to Definition 7.6, Proposition 7. Irreducibility and recurrence imply a Liouville theorem for E-harmonic functions.
Corollary 7.10. If a measurable function f : Ω → R is E-harmonic in Ω, then f is constant µ-a.e.
Proof. This follows from Theorem 2 and Lemma 7.3. Also there is the following proof based in the theory of Dirichlet forms. By [29, Lemma 6.7 .3] we have f (X Λ t ) = f (Λ) for all t ≥ 0 P-a.s. for E-quasi every Λ ∈ Ω, which implies that for any c ∈ R the level set {Λ ∈ Ω : f (Λ) = c} is (P t ) t>0 -invariant. By irreducibility, µ({Λ ∈ Ω : f (Λ) = c}) = 0 or 1 for any c ∈ R, which is possible only if f is constant µ-a.e.
A more general result in the framework of Dirichlet forms is stated in [52, Proposition 1.1.(i)].
7.4. Irreducibility. From the preceding discussion we can infer the irreducibility of the Dirichlet form (E, D(E)) stated in Theorem 4. Recall that (P t ) t>0 denotes the symmetric Markovian semigroup on L 2 (Ω, µ) associated with (E, D(E)). We follow the terminology of [53, Section 1.6] and call a Borel subset A of (Ω, ̺) (P t ) t>0 -
(Ω, µ) and t > 0. The Markov semigroup (P t ) t>0 or the Dirichlet form (E, D(E)) is called irreducible if any (P t ) t≥0 -invariant subset A satisfies either µ(A) = 0 or µ(Ω \ A) = 0. The irreducibility of (E, D(E)) can be verified as follows.
Proof. Let A be a (P t ) t>0 -invariant Borel subset of Ω. If µ(A) = 0 there is nothing to prove, so we may assume µ(A) > 0. By invariance we have P t ½ A = ½ A µ-a.e. so that ½ A ∈ D(E) by (6.2) and according to (6.3) , E(½ A ) = 0. Cauchy-Schwarz now implies that ½ A is E-harmonic in Ω, and since it is bounded, constant µ-a.e. on Ω by Theorem 2. Since Ω ½ A dµ = µ(A) > 0 we must have ½ A = 1 µ-a.e. on Ω, which means µ(A) = 1.
Proof of Theorem 5: Helmholtz-Hodge decomposition for one-dimensional patterns
In this section we discuss L 2 -vector fields associated with the Dirichlet form (E, D(E)). Motivated by earlier results in [68] , Theorem 5 provides a Hodge decomposition for the one-dimensional case.
The proof Theorem 5 requires the combination of several concepts. First, recall from the proof of Lemma 6.7 that the gradient
is a densely defined, closed, unbounded operator with domain 
where H denotes the space of L 2 -differential 1-forms associated with (E, D(E)). In the one-dimensional case, the Hodge-star operator
c.f. Proposition B.5, where ω 0 = ι −1 Λ (1) for a fixed Λ ∈ Ω, gives an isometric isomorphism, see [17, Proposition 4.5] . Therefore, defining
we obtain an isometric isomorphism of L 2 (Ω, µ) onto itself. In particular, by (B.5) we have ⋆∇f = f ′ for any f ∈ D(E). Finally, the following Lemma 8.1 yields
To prove Theorem 5 we take a closer look at the structure of ker d * by following the arguments used to establish Theorem 2.
⊥ . Then, there is a Borel set O ⊂ Ω of µ-measure zero, such that for any Λ ∈ O c , the function ⋆v is d t-a.e. constant on orb(Λ). As a consequence, ⋆v is constant µ-a.e. on Ω.
by (A.6) and therefore
for ν C -a.e. Λ ′ ∈ C. Testing with F 0 from a countable dense subspace of C 1 c (−ε, ε) we can see that for ν C -a.e. Λ ′ ∈ C the function h * Λ ′ (⋆v) must be d t-a.e. constant on (−ε, ε). t∈R d ϕ t (N i ) denote the union of orbits that hit some N i . As discussed there, O is measurable and we have µ(O) = 0. If Λ ∈ Ω is such that its orb(Λ) is not contained in O, then ⋆v is d t-a.e. constant on each O i ∩ orb(Λ), so that by Lemma 7.9, ⋆v is d t-a.e. constant on orb(Λ). The second statement is a consequence of the ergodicity of µ.
, where e 1 , ... e d denote the standard unit vectors in
is a multiindex with |α| ≤ k then we can similarly introduce general mixed derivatives
is an open set of type (2.4) and f is k-times differentiable in O, then, using the notation (2.6), we have 
.
is an open set of type (2.4) and, similarly as in (2.7), f ∈ bB(O) is a function defined as the product f (Λ) :
, whose supports are contained in C and B, respectively, then
|α| ≤ k, reducing derivatives on the fractal-like space Ω to ordinary calculus derivatives.
Notation A.3. We write C k (O) (k = 1, 2, ... or k = ∞) for the space of k-times continuously differentiable functions, that is, the space of continuous functions f on O whose derivatives up to the order k in the sense of (A.1) are all continuous functions on O.
We endow the space C k (O) with the norm
We recall the definition of transversally locally constant functions and collect some known results for later use. Definition A.4. A function f ∈ C(Ω) is called transversally locally constant if for any Λ ∈ Ω there exists ε > 0 such that
i.e. if for any Λ ∈ Ω there exists ε > 0 such that f is constant on C Λ,ε . We write C tlc (Ω) to denote the space of transversally locally constant functions and C k tlc (Ω) to denote the space of functions f ∈ C k (Ω), k = 1, 2, ... or k = ∞, that are locally transversally constant.
Transversally locally constant functions on Ω are linked to the following specific type of functions on
We write C Λ (R d ) for the space of all Λ-equivariant functions on R d , and by Proposition A.7. Let Λ ∈ Ω and let η ∈ C(R d ) be a function supported in a ball B ε ( 0 ). Then there is a function f ∈ C tlc (Ω) that is supported in O Λ,ε , and satisfies h * Λ ′ f ( t ) = η( t ) for all Λ ′ ∈ C Λ,ε and t ∈ B ε ( 0).
Proof. In our notation this proposition immediately follows from (2.7), and in some sense is equivalent to the local product structure of pattern spaces in subsection 2.2. For the convenience of the reader we provide the part of the proof essentially taken from [74 is at least ε 0 . Let δ Λ,ε be a Dirac comb on S Λ,ε . Then for any s ∈ S Λ,ε the function δ Λ,ε * η( s+·) is continuous on R d and its restriction to B ε0/2 ( 0 ) is supported in B ε ( 0 ) and equals η on B ε ( 0 ). The function δ Λ,ε * η is Λ-equivariant: Suppose x 1 , x 2 ∈ R d . Then we can can write x i = s i + t i , where s i is a point in S Λ,ε minimizing the distance between x i and S Λ,ε . Suppose that the sets B 8 ε ( x i ) ∩ Λ agree. Then, since | t | < ε 0 < ( 0 ) ∩ ϕ t 2 (Λ), which implies that t 1 − t 2 ∈ S Λ,ε and therefore δ Λ,ε * η( x 1 ) = δ Λ,ε * η( x 2 ). This shows that δ Λ,ε * η is Λ-equivariant. By Lemma A.6 the function f (Λ) := (δ Λ,ε * η)(h and by dominated convergence
Since D Proof. There is a 1-form ω ∈ H such that 0 < ω Hx < +∞ for all x ∈ M , where M ⊂ X is a Borel set with µ(M c ) = 0. For instance, we can use ω = If the pointwise Kusuoka-Hino index of (E, D(E)) is one µ-a.e., then we have dim H x = 1 µ-a.e. If ω ∈ H is such that ω Hx = 1 for µ-a.e. x ∈ X, then each η ∈ H has the form g ω with some uniquely defined g ∈ L 2 (X, µ). In this case, (B.2) rewrites (f, g ω) → (g, f ω). This motivates the following observation made in [17, Proposition 4.5].
Proposition B.5. Let (E, D(E)) be a regular Dirichlet form on L 2 (X, µ) admitting a carré du champ and having pointwise index one µ-a.e. Then, for each ω ∈ H such that ω Hx = 1 µ-a.e. x ∈ X, the linear operator defined by
is an isometry, both fiberwise and globally, i.e. |f (x)| = ⋆ ω f Hx µ-a.e. x ∈ X and f L 2 (X,µ) = ⋆ ω f H .
If ω ∈ H as in Proposition B.5 is fixed, and η ∈ H, according to the above we have η = g ω with a uniquely defined function g ∈ L 2 (X, µ). This shows that ⋆ ω is a bijection. As in the classical theory we denote its inverse (⋆ ω ) −1 again by the symbol ⋆ ω , so that
Definition B.6. Assume that the pointwise Kusuoka-Hino index of (E, D(E)) is one µ-a.e. Let ω ∈ H be such that ω Hx = 1 for µ-a.e. x ∈ X. To the operator ⋆ ω as in (B.3) and to its inverse in (B.4) we refer as the Hodge star operator with respect to ω.
It follows immediately from the definition that for η ∈ H and f ∈ bB(Ω) it holds that (B.5) ⋆ ω (f η) = f ⋆ ω η.
Appendix C. Dynamical spectrum and invariant sets
This section is presented here in connection to Corollary 3.12. It opens the possibility to study spectral analysis of the heat semigroup and the Laplacian, which will be the subject of future work.
Recall that in the present setting the Koopman operators {U t } t∈R d provide a family of unitary operators on L 2 (Ω, µ) defined by (3.9) for t ∈ R d . An eigenfunction of U t with eigenvalue α ∈ R d is a nonzero function f ∈ L 2 satisfying (C.1) U t f = e 2πi t, α f for all t ∈ R d . The collection of all eigenvalues is called the dynamical spectrum. This spectral approach allows us to characterize ergodicity by the action of the Koopman operator on L 2 (Ω, µ). In the particular case of Ω being the pattern space of an aperiodic Delone set of finite local complexity, the dynamical spectrum carries a great amount of information about the structure of the canonical transversal. In addition, the dynamical spectrum is related to the so-called diffraction spectrum of the quasicrystal modeled by the Delone set. Thus, the spectrum is very important from a dynamics point of view as well as from a mathematical physics point of view. We refer the reader to [8, 9] for up-to-date perspectives on the dynamical spectrum and its role in aperiodic order.
Definition C.1. The Koopman family of operators has pure point spectrum if L 2 (Ω, µ) admits a basis of eigenfunctions.
Proposition C.2. Let ϕ t : Ω → Ω be a minimal and uniquely ergodic action of R d on a compact metric space Ω with pure discrete spectrum and denote by µ the unique R d -invariant probability measure for this action. If, for τ ∈ R d , we have that τ , α ∈ Z for all eigenvalues α corresponding to f ∈ L 2 (Ω, µ) which are non-constant µ-almost everywhere, then for any µ-measurable set A ⊂ Ω with the property that ϕ τ (A) = A it is true that µ(A) ∈ {0, 1}.
Proof. Recall that an action on a compact metric space Ω is ergodic with respect to an invariant probability measure µ if there are no non-constant invariant functions in L 2 (Ω, µ) [47, §2] . As such, for a fixed τ ∈ R d , the map ϕ τ : Ω → Ω is ergodic if and only if τ , α ∈ Z. Indeed, if τ , α ∈ Z for an eigenvalue α corresponding to a non-constant function, then by (C.1) and the fact that L 2 (Ω, µ) is generated by eigenfunctions, we have an invariant function in L 2 (Ω, µ) which is not constant µ-almost everywhere, which is equivalent to the map ϕ τ not being ergodic with respect to µ.
Thus, if τ , α ∈ Z for all eigenvalues α associated with non-constant functions in L 2 (Ω, µ), then the map ϕ τ is ergodic with respect to µ. As such, every µ-measurable set A which is invariant under ϕ τ either has full or null measure.
